Petri net models

Petri nets

Named after Carl Adam Petri who, in the early sixties, proposed a graphical and mathematical
formalism suitable for the modeling and analysis of concurrent, asynchronous distributed

systems.
Widely used for modeling biological systems (more than 130 publications in PubMed since 2002)

Simple form : a bipartite directed graph
two types of nodes:
* places represent conditions or resources (ex: phosphorylated histidine kinase)
* transitions represent activities, i.e., events that can change the state of the

resources (ex: synthesis)

directed arcs interconnect places and transitions
* places exclusively connected to transitions
* transitions exclusively connected to places

tokens placed on places define the state of the Petri net

An arc might be weighted: number of tokens that must be in the pre-place to enable
the transition



Petri net models

Places are passive nodes. They are indicated by circles and refer to conditions or
states. In a biological context, places may represent: populations, species, organisms,
multicellular complexes, single cells, proteins (enzymes, receptors, transporters, etc.),
molecules or ions. Only places are allowed to carry tokens.

Tokens are variable elements of a Petri net. They are indicated as dots or numbers
within a place and represent the discrete value of a condition. Tokens are consumed
and produced by transitions. In biological systems tokens refer to a concentration level
or a discrete number of a species, e.g., proteins, ions, organic and inorganic molecules.
Tokens might also represent the value of physical quantities like temperature, pH value
or membrane voltage that effect biological systems. A Petri net without any tokens is
called “empty”. The initial marking affects many properties of a Petri net.



Petri net models

Transitions are active nodes and are depicted by squares. They describe state shifts,
system events and activities in a network. In a biological context, transitions refer to (bio-)
chemical reactions, molecular interactions or intramolecular changes. Transitions
consume tokens from its pre-places and produce tokens within its post-places according
to the arc weights.

Directed arcs are inactive elements and are visualized by arrows. They specify the causal
relationships between transitions and places and indicate how the marking is changed by
firing of a transition.

Thus, arcs define reactants/substrates and products of a (bio-)chemical reaction. Arcs
connect only nodes of different types. Each arc is connected with an arc weight. The arc
weight sets the number of tokens that are consumed or produced by a transition. The
stoichiometry of a (bio-)chemical reaction can be represented by the arc weights.



Petri net models

Post-transition Pre-transition

p T p A Petri net with two places P, and P, et one
1 1 2 o
transition T,.

‘i')l ) The transition will be enabled and may fire by

removing the tokens from the pre-place P, and adding

T \L a token to the post-place P, pointed by the transition.
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Petri net models

To enhance the expressiveness of Petri nets, two other types of arcs:

* test arc (or read arcs) (activates the transition, does not consume tokens) <j
* inhibitor arc (inhibits the transition) —0
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t, is enabled if places A and B are sufficiently
marks. After firing, tokens are consumed from
place B but not from place A.
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t, is enabled if place B is sufficiently marks
and place A insufficiently marked . After
firing, tokens are consumed from place B



Petri net and biochemical networks

Standard Petri nets allow the representation of the essential components in biochemical pathways
and they can be used to perform qualitative analysis (Reddy et al., (1996) Comput. Biol. Med. 26:9-24)).

Metabolic pathway = interconnection of networks of enzymatic reactions (product of one reaction
is the a reactant (or an enzyme that catalyzes) a next reaction.

Petri net modeling of five type of reactions:

Places = reactants, products or enzymes
Transitions = reactions
Arc weights = stoichiometric coefficients of the reactions

Catalyzed reaction: the enzyme place is linked to the
transition by a test arc

Inhibited reaction: the enzyme is linked to the transition by
an inhibitory arc (the transition is enabled when the place
is not marked)
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Petri net models

Firing a transition

» A transition is enabled to fire if all its pre-places are sufficiently marked, contain at least
the required number of tokens defined by the weight assigned to the arcs.

» Results of the firing of an enabled transition: tokens of pre-places are consumed and
new tokens are produced in its post-places. Their number are determined by the weight
of the arcs going out of the transition.

Example: Pentose phosphate pathway
RSP

RSP + 2 NADPH + 2 H' + CO»

Grunwald et al., 2008

G6P + 2 NADP '+ H,0

The “token game” represents the dynamical evolution of the system



Initial marking M,
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p;and t; are connected through
a test arc that means that p,
marking governs the enabling of
t, but is not modified by the
firing of t;

Petri net models

new marking M,
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The token of p, is consumed.
Four tokens are produced in p;
The new marking M, allows the firing of t,

new marking M,
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One token of p; is consumed.
One token is produced in p,

The new marking M, does not allow the
firing of t,

Example from Chaouiya ,2007



Algebraic description of a Petri net

initial marking

Mg =

Petri net models

a marking = a vector giving the number of tokens allocated to each place

weighted arcs = definition of relation between a pre-place and a transition (preconditions)
and between a transition and a post-place (postconditions) = Pre and Post matrices
incidence matrix = for each transition, the balance of its firing onto each place (difference
between the number of tokens produced and the number of tokens consumed)
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Example from Chaouiya ,2007



Petri net models

Algebraic description of a Petri net

The resulting marking M’ of the net after a firing sequence (transition that have been fired) is given by

the state equation:

where M is the marking before the firing sequence, Cis the incidence matrix and o is a vector that
gives for each transition its number of occurrences.

In our example, the firing sequenceist, and t, :

t, and t, have been fired
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Marking of the net after firing t; and t,:

Petri net models

M,

_ w o =

The marking graph: described the dynamical behavior from an initial marking, denoted R(M,)

R(M ), the marking graph
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Example from Chaouiya ,2007

Standard Petri nets are discrete and non-temporized (time is implicit, the marking graph
accounts for the possible sequence events).



Petri net models

Formal definition: A standard Petri net is a quadruple N = (P, T, f, m,), where:

P, T are finite, non-empty, disjoint sets. P is the set of places. T is the set of transitions.

An arc connects either a place to a transition or a transition to a place. If, F is the set of arcs
Fc(PxT)u(TxP).

f. (P xT) U (T x P)) > Ndefines the set of directed arcs, weighted by non-negative integer values.
f is a mapping that assigns a weight to an arc.

my: P — N, gives the initial marking.

Notations:
m(p) refers to the number of tokens on place p in the marking m. A place p is clean (empty, unmark) in m if m(p) = 0.
A set of places is called clean if all places are clean, otherwise it is marked.

The preset and postset of a node X € P U T and are defined as:
Preset: ox :={y € PU T | f(y,x) # 0}
Postset: xe :={y e PU T | f(x,y) # 0}

For places and transitions, four types of sets:
ot preplaces of transition t (reaction's precursor)
te postplaces of transition t (reaction's products)
oD pretransitions of place p (all producing reactions of a component)
pe posttransitions of place p (all consuming reactions of a component)

Generalized to a set of nodes X:

set of prenodes: eX := U, _y oX
set of postnodes: Xe:= U, _y Xe



Petri net models

Definition : Firing Rule
Let N = (P, T, f, my) be a Petri net:

* A transition tis enabled in marking m, written asm|t) , if Vp e ot : m(p) > f(p,t), else it is
disabled.
* A transition t, which is enabled in m, may fire.
* When tin m fires, a new marking m’ is reached, written as m‘t)m " withVp e P:
m’(p) = m(p) - f(p,t )+ f(t,p)

* The firing happens atomically and does not consume any time.



Petri net structural properties

Structural properties depend only on the arrangement of places, transitions and arcs. They characterize
the network structure and are independent of the marking.
Initial model checking to prove that the model adheres to the assumption and modeling guideline.

Property Informal Definition | Biological Meaning
PUR | Pure There are no two nodes, directly | No component 15 produced and con-
connected in both directions. This | sumed by the same reaction. Thus,
precludes read arcs and double arcs. | enzymatic or enzyme-like reactions
are formulated in more detail.
ORD | Ordinary All are weights are equal to 1. Ewery stoichiometric coefficient of
each reaction 1s equal to one.
HOM | Homogeneous All outgoing arcs of a given place | Each consuming reaction associated

have the same multiplicity.

with one component takes the same
amount of molecules of this compo-
nent.

CON

Commnected

A Petri net = connected 1f 1t holds
for every two nodes a and b that
there 15 an undirected path between
a and b, Disconnected parts of
a Petn net can not mfluence each
other, so they can be usually anal-
vsed separately. In the following we
only consider connected Petri nets.

All components in a system are di-
rectly or indirectly conmected with
each other through a set of resc-
tions, ¢.g.. metabolic paths, signal
florers.

sSC

Strongly  Con-

nected

A Petri net s strongly connected 1f
it holds for every two nodes a and b
that there 1s & directed path from a
to b, vice versa., Strong connected-
ness mvolves connectedness and the
absence of boundary nodes. It 15 a
necessary condition for a Petrl net
to be live and bounded at the same
time.

All components in a system are di-
rectly connected with each other
through a set of reactions, eg.
metabolic paths, signal fows.

MEM

Mon-blocking
Multiplicity

The mimmum of the multiphcity of
the incoming arcs for a place is not
less than the maximum of the mul-
tiplicities of its outgoing arcs.

The amount of produced and con-
sumed molecules of & certain come-
ponent 15 always equal.

Extract from Tutorial Snoopy, 2011,
M. A. Blatke



Petri net structural properties

CSV Conservative All  transmtiwons  add  exactly as | The total amount of consumed and
many tokens to their post-places as | produced molecules by & certam re-
thev subtract from their pre-places | action 15 always equal.
(token-preservingly finng). A con-
servative Petr1 net 15 structurally
bounded.

SCF Static  conflict | There are no two transitions sharing | For every reactant exist just one

free a pre-place. Transitions mmvolved in | possible reaction or there are no two
a dynamic conflict compete for the | reactions sharing at least one resc-
tokens on shared places. tant.

FT0O No mmput transi- | There exist no transitions without | Infimte source of a component.

tion pre-places.

TFO Mo output tran- | There exist no transitions wathout | Sink of a component.

sition post-places.

FPO Mo input place There exist no places without pre- | The component can not be produced
transitions. by any reaction. Thus, such compo-

nents are hmtmg.

PFO Mo output place | There exist no places without post- | Components can infimitely accumu-

tramsntions

late mn the system. Thus, they are
not consumed by any reaction.

Extract from Tutorial Snoopy, 2011,

M. A. Blatke



Petri net qualitative properties

Typical net dynamical properties can be checked. They characterize the system behavior of a model,
which depend on the qualitative network and on the initial marking. They are independent of the
time-dependent dynamic behavior and thus independent of kinetic information.

» Boundedness: For every place it holds that whatever happens, the maximum number of tokens on
this place is bounded by a constant. It insures that, whatever the initial marking and the evolution of
the net, the number of tokens in each place is bounded, i.e. limited. For metabolic networks, it means
that no product can accumulate.

» Liveness: For every transition it holds that whatever happens, it will always possible to reach a state
where this transition gets enabled. In a live net, all transitions (biological processes and reactions) are
able to contribute to the net behavior forever, which precludes dead states. A dead state is a state
where none of the transitions are enabled.

» Reversibility: For every state it holds that whatever happens the net will always be able to reach
this state again. In biology, it means that the initial state of a system can be reproduced by any
possible state reached from the initial condition.



Petri net qualitative properties

Boundedness
Property Informal Definition | Biological Meaning
SB Structurally A Petri 1s structurally bounded if 1t | It 15 not possible that any compo-
bounded 1s bounded in any initial marking. nent accumulates in the system in-
dependent of the initial conditions.
I-B 1-bounded A Petri net 15 1-bounded if all its | Number of molecules or the concen-

places are 1-bounded.

tration of every component is lim-
ited to one only.

k-B

k-bounded

A Petrl net 15 k-bounded if all 1its
places are k-bounded.

1-bounded Petri nets are call safe network

Formal definition:

Number of molecules or the concen-
tration level of each component is
limited to a constant number k.

Extract from Tutorial Snoopy, 2011, M. A. Blatke

* A place p is k-bounded if there exists a positive integer number k, which represents an upper
bound for the number of tokens on this place in all reachable markings of the Petri net:

Jk e N, : Vme|m,) :m(p) <k

* A Petri net is k-bounded if all its places are k-bounded.
* A Petri net is structurally bounded if it is bounded in any initial marking.



Petri net qualitative properties

Liveness

Formal definition:

* A transition t is dead in the marking m if it is not enabled in any marking m’ reachable from:
Am’e|m): m’(t)

* A transition t is live, if it is not dead in any marking reachable from m,,

* A marking m is dead, if there is no transition which is enabled in m.

* A Petri net is deadstate-free, if there are no reachable dead markings.

* A Petri net is live, if each transition is live.

Reversibility

Formal definition:
A Petri net is reversible if the initial marking can be reached again from each reachable

king:
e vme|m,):m, €|m)

Extract from Tutorial Snoopy, 2011, M. A. Blatke



Petri net qualitative properties

Reachable markings starting from initial

Substrate Enzyme marking m, by playing the token game
mmm
Asssicaton Digsaciation Enzyme

EnzymaSubsiraleCamplex SU bSt rate 1 O
Complex 0 1 0
Prouct (_Ja—_| ’ Product 0 0 1
Synlhesis

Extract from Tutorial Snoopy, 2011, M. A. Blatke

* Each place has an upper bound k equal to 1.

* All place are 1-bounded, thus the resulting Petri net is 1-bounded

* Marking m, is dead, none of the translation can be enabled

* The Petri net has a deadstate because of m,

* The Petri net is not live because all transitions are note live

* The Petri net is not reversible because the initial state m, can not be reached from marking m,



Petri net qualitative properties

Important structural motifs of Petri net:
» Traps
» Siphons
» Invariants

Trap:
A trap is a subnet that catches tokens and retain at least one of them. The number of tokens in a trap

can decreased but never reached zero. It is a state of places such that every transition that inputs from
these places also outputs from one of these places. Once marked a trap remains marked.

Cyclic structures in a biological system that are activated -
by an input should be represented in a model as a trap. ©/ /QD

Definition

A set of places Q — P is called trap if Qe — ¢Q (the
set of post-transitions is contained in set of pre-
transitions), i.e., every transition which subtracts
tokens from a place of the trap, also has a post-

t b place in this set.

Qe = {t;} et eQ = {t,,t,} thus Qe — eQ
Token count in this trap remains the same by firing t, but increases by firing t,



Petri net qualitative properties

Siphon:

A siphon is a subnet that releases all its tokens. A Petri net without siphons is live while a system in a
dead state has a clean siphon. In biological terms, a siphon is a finite source of molecules or energy.
It could also be a cycle that might produce molecules by consuming itself.

Definition

5 A non-empty set of places D — P is called siphon if
oD — De (the set of pre-transitions is contained in
set of post-transitions), i.e., every transition which
fires tokens onto a place in the siphon, also has a
pre-place in this set.

oD = {t,} et De = {t,,t,} thus eD c De
Token count in this siphon remains the same by firing t, but decreases by firing t,

- oD ={r,.r,} et De ={r,,r,} thus eD  De
@ [ L Transitions r1 and r2, which remove a token from A or B, can add a token to
s A or B. However, once they are empty of tokens, the places will never regain

tokens.



Petri net qualitative properties

Summary

Properties

Behavioral
property

L rion

Trap

By definition, once a place in a trap
has a token, there will always be a
token in at least ane of the places
in the trap. Hence, a trap having at
least ane token can never lose all
of its tokens. In other words, If a
trap 15 marked under some
marking, it remains marked under
each successor marking.

Union of twa traps is again a trap
[2].

Siphon

By definition, ance all places in a
siphon have no taken, there will never
be a token in any one of the places in
the siphon. Hence, a siphon having
lost all of its tokens can never obtain a
taken again. In other words, If a
siphon i1s token-free under some
marking, then it remains token-free
under each successar marking.

Union of two siphons is again a
siphaon [2].



Petri net qualitative properties

Set of places :

S;={p1,p,p3}
S,={p1, P2 P4}
S,={p pg}
Ss={p,, P3, P4}
S3={P1,Py P3, P4}

Among these different sets of places which one are traps and/or siphons ?



Petri net qualitative properties

Invariants:

In Petri net context, invariants indicate states in the net graph that are not changed after a
transformation or a sequence of transformations. We can distinguished two type of
invariants, place invariants and transition invariants.

P-invariants (place invariants): it is a set of places over which the weighted sum of tokens is
constant and independent of any firing. Thus a P-invariant conserved the number of tokens. Then
each place of a P-invariant is bounded. In the biological context, P-invariant can assure mass
conservation and avoid an infinite increase of molecules in the model.

A vector of places is called P-invariant if it is a non trivial non-negative integer solution of the
linear equation system x” . C = 0 (C incidence matrix)



Petri net qualitative properties

Incidence matrix (Post Pre)

Subsirate Enzymea

Enzyme
Substrate -1 1 0
Asspicalian Dissacialion
Complex 1 -1 -1
EnzyriaSubairaieCarmples
Product 0 0 1
Product O" LI <
Syrihesis
Pre-condition matrix Post-condition matrix
[ L [ [ R L oo i
Enzyme Enzyme
Substrate 1 0 0 Substrate 0 1 0
Complex 0 1 1 Complex 1 0 0

Product 0 0 0 Product 0 0 1



Petri net qualitative properties

X
Incidence matrix (Post — Pre) X,
|| oo | oo | 5 |
3
Enzyme -1 1 1 X,
i T —
Substrate -1 1 0 SO|utIOI"| OfX . C = 0
Complex 1 -1 -1
Product 0 0 1
Cixpxsx) | 7 O =0 X, + X, — %, =0 _
14243 A4 1 -1 -1 1 2 3 = X5 =X,

0 0 0 X, —X%+X,=0

2 solutions : P-invariant 1 x=(1 0) {Enzyme; EnzymeSubstrateComplex}

7 0)
P-invariant 2 x = (0, 1,

1,
1,1) {Substrate; EnzymeSubstrateComplex ; Product}
Each place is contained in at least one of the two P-invariants. Thus, the Petri net of our

example is covered by P-invariants.




Petri net qualitative properties

T-invariant: it is a sequence of transition o that reproduce an initial state, which
enabled the firing of the transitions in the T-invariant. In the biological context, T-
invariants ensure that the model of biological system can reinitialize a certain initial
state. Firing the transitions of a T-invariant leads to a steady state behavior.

Example: after firing t, and t, the

t1 marking will be the same

Ox

A vector of transition is called T-invariant if it is a non
trivial non-negative integer solution of the linear
jy( t2 equation system C. y =0 (C incidence matrix)




Petri net qualitative properties

Y1
Incidence matrix (Post — Pre) Transition vector y of places: y=| Y,

-1 1 1

Solutionof C.y =0

Enzyme
Substrate -1 1 0 suvstrere mreme
Complex 1 -1 -1
Product 0 0 1 Assoicalian Diszocdation
EnzyrmaSubetrateCamplex
-1 11 Y+ Y, +Y;=0
-1 1 0 é 0 ' -y, +Y,=0 ‘ Yi=Y>
y =
1 -1 -1 y2 Y=Y, —¥;=0 y3:O
0o 0o 1)v7° Ys =

Only one solution: Y =(1,1,0)

T-Invariant 1 : {Association, Dissociation}

As the transition Synthesis is not contained in the T-invariant,
the Petri net is not covered by T-invariants




